Dynamic Programming Lecture #14

Outline:
e Stochastic Shortest Path Example

e Policy lteration



SSP Recap

e System: Controlled finite-state Markov chain with transition probabilities p;;(u).

e Key assumption: Termination state ¢ & horizon window [0,m — 1] s.t. for any initial
Ty = 1.
Pr(xy, #tleg=1i) <p <1

o Cost:

E { S gl Mk(ﬂfk))}

k=0

e Value iteration: Initialize with any Jy(7). Iterate
Je+1(1) = min g(i,u) + > pij(u)J ()
uel(3) j=1

e Main results:
— Ji(i) — J*(1)

— J* is unique solution to Bellman equation:

J*(t) = min g(i,u) + > pij(u)J"(5)
uel (1) j=1



Stationary Policy Derivation

e Let J, denote the cost of the STATIONARY (stage-independent) policy:

= { s fs fly - - -}
e Main results:

— J,, can be computed by “u-specific” value iteration:

Jin(i) = gli, n(i)) + z P (1)) T (5)

J

— J,, is unique solution to “u-specific’ Bellman equation:
n
Ju(i) = g(i, u(@)) + leij(u(i))JM(j)
j:
— A stationary policy is optimal <

u(i) = arg min {g@',u) 5> pm’(u(i))J*(j)}

uel (i)

* Proof («<=): If 1 achieves the minimum, then J, = J* (apply above result).
* Proof (=): If J*=J,, then

T = gl n0) + o))
0
- {gu,u) ; zpmu)ﬁ(y)}

uel(7)



Example: Random Pursuit

e Consider fly & spider hoping along string of nodes.
e Fly movement:

— Left with probability p.
— Right with probability p.
— Stationary with probability 1 — 2p.

e Spider movement:

— Towards fly if distance > 2.

— Towards fly or still (decision) if distance = 1.
e State, i: Distance between spider and fly (finite!). i = 0 = termination.
e Let initial distance = n.

e Optimization: Minimize time to termination = ¢(i,u) = 1.



Example, cont (2)

e For i > 2:
— pii = p (fly moves away)
— pi(i—2) = p (fly moves towards)
— Pi(i—1) = 1 — 2p (fly stationary)

e For i = 1, probabilities depend on spider decision: {
— p11(M) = 2p (fly moves towards or away)
— p1o(M) = 1 — 2p (fly stationary)
—po(S) =p (fly moves towards)
— p1(S) =1 — 2p (fly stationary)
— p12(S) = p (fly moves away)
e Forn =3:

2p 0 0
P(M)—(12p p 0), P(S)

D 1-2p p

M move

S

|

still

1—2p
1—-2p
p

D 0
P 0
1—-2p »p

|



Example, cont (3)

e Apply DP:
Je1(4) = min (14 3 pi;(w) Je(5) )
— For 7 > 2:
Jp1() = 1+ pJi(i) + pJe(i — 2) + (1 = 2p)Ji(i — 1)
— For i = 1:

Jpa1(1) =1+ %2 {2pJi(1), (1 = 2p) Jk(1) + pJi(2) }

e Bellman equation:

(i>2) J()=14pJ" (@) +pJ (i =2)+ (1 =2p)J"(i = 1)
=
J(2) =1+ pJ*(2) +pJ*(0) + (1 — 2p)J*(1)

(t=1) J'(1) =14 min{2pJ*(1), (1 —2p)J*(1) + pJ*(2)}
Solve for J*(2) above =

1—2p
l—p

1) =1 +min{2pj*(1), (1) + -2 }

1—p



Example, cont (4)

e Which term is smaller? Suppose first term (M):

1
J(1) =14+ 2pJ"(1 J(1) =
() =142p(1) = (1) = {5
Check whether
1—-2p P
2pJ*(1) < J() + ——
M) < T2+
=
p<1/3
=



Policy Iteration

e Very important alternative to value iteration.
e Main steps:

1. Pick any policy, pu.
2. Compute J,,.
3. Policy improvement step:
n

pt (i) = arg min g(i,u) + Y pij(uw)J.(5)
uel (i) j=1

4. Repeat 2-4.
e How to compute J,?

— Perform p-specific value iteration.

— Compute directly from pu-specific Bellman equation as a large linear system of equa-

tions:
n

Ju(@) =g, u) + X pi(p(i))  Ju(d)
unknown unknown



Policy lteration, cont

o Key issue: How does .J,+ compare with .J,?
o FaCT: J,+ (i) < J,(i).
e PROOF: Consider p*-specific value iteration with J, initial cost:
JJH...HJQHJ]LHJM
where
Juo= ming(i,u) + 3 pij(u) Ju(j)
j

de . . . .

= g, 1" (8) + X i (" () Ju(5)
j

< Ju(@)

—h

So J; < J, = J,+ < J, by monotonicity.

e FacT: Eventually J,+ = J, = J, = J*. (Proof: There are only a finite number of
policies.)



Example: Spider/Fly

e Transition probabilities:

Pi =Dy DPiti-1) =1 —2p, piiey=p, 122
pu(M) =2p, pr(M)=1-2p
p12(S) =p, pu(S)=1-2p, pw(S)=p
e There are only 2 policies to compare: p(1) = M or S.

e Compute Jy; via M-specific Bellman equation:

Ju(1) =1+ pu(M)Ja (1) + pro(M) I (0)

since Jy7(0) = 0. Similarly,

Ju(2) = 14 pa2Jp(2) + parJar(1) + paoJar(0)

=



Example, cont (2)

e Policy improvement:

Must compare

Change to u+ (1)

e Repeat for Jg, etc.

arg

arg min

2+12pp, u=29
arg min
u=M/S 1+1 % u =

p (i) = argmin g (i, u) + Y pij(u)J.(5)

=

in { 14+ pJu(2) +
u=M/S

u= M/S{1—|—2p1+

1+ 2pJ,(1) +
L+ pi2 +(1=2p)2y +p-0, w
u

J

(1 —2p)Ju(1) + pJu(0),
(1— 2p)J (0),

(1-2p)-0,

M

= Sifp>1/3.

S Pe e



